





b



















More generally,

¢(z) = ¢(z]t),

n,t — oo.

~






Classical Facts

e Strong Szegd theorem (1958)

Dal¢] ~ BIBI(LIBD)", 1 — oo,

o0

' .45[ L— n\/r\ ‘_“ :lnflr;i.nll\'\.- /lh r/\\




e Fisher-Hartwig asymptotics (1968)

N
6 = ¢s() I[ Jo— =rfr, aw>—
r=1
Dn ~ Blgs)(Llps])"nSr
N L(QZ’S))QT Gz(ar + 1) | aras
: r=1 (QISS(Z’F) H IZT * -

G(x) - Barnes' G-function.







Here,

b(e?) = gg (82z'arccos(7 cos %)) .

Important particular case, ¢g(z) = 17

' n? —1/4
Dy, ~ (cosg) (nsin _C}) - e0,
2 2




e \Widom's theorem for block Toeplitz matrices
(1974)

d(z)—mxm, m>1
Dulg] ~ El¢l(LIg])", n— oo,

Lig] = exp(Indet 6)o,

 E[$] = det (Teo[¢]Too[o 1)

#(z) — “good”.
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e Further generalizations of the Fisher-Hartwig
kel cw (I i e s les )
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e T he Fredholm determinant representation

Dnlo] = det(I — Ky),

Ky Ly (C;C) — Ly (C; C),

()7 11— ¢(2)

/

Kn(za Z/) —

z2— 2z 211

(Deift)



Principal observation:

T, P
Kn(z, ) = 72D,
=7,

i — (21— e(2)




i neE-roneacnntstinn

FL()HH(
R(Z,Z,) — (Z) /(Z )7
z— 2z
where

F(z) =Yy (2)f(2), H(z) =L 2)n(2),

z e C,
=z . N, ‘
#
%ﬂl__ Py E
e










e An alternative RH. Relation to the orthogo-
nal polynomials on the circle.

Observe:

2-9¢(z)  —2"(1—¢(2))
G(z) =
\ 27 (1 = ¢(2)) 9(2)

(2" -1 1 27"¢p(2) z7" 0
"(1 o)(o 1 )(—1 z")
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Put:
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1. ¥(2) e H(C\O)

2. YV (2) = Y_l_(z)é(z), ze(C

1 27"¢(2) )

G(2) = (o 1

Y(z) — o3Y(2)o3




OPUC:

( () o Jopn(s)sTe(s) L )

'Qn»el(z? QszCQn 1(8)8 %(S)Sdsz l

——eeee— . ————— —
i

i
_‘ ;
‘
_‘ = ;

/

2T 1
qn(Z) ——h—; pn (—-) ’l’L)

pi(z) - orthogonal with respect to ¢(z).
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PRINCIPAL IDEA.

Given ¢(z), find Y(z), such that

1. Y(2) € H(C\C)




Then

Y11(2) = pn(2),
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e The RH problem.

Put:

pn(2) o [ pr(8)(s)2E
Y(z) =

Gn-1(2) "Qjﬂfgooo Qn——l(s)qb(s)gd_%

271
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Then,
1. Y(z) ¢ H(C\R)

2 V() =Y (NG(). zeR

1 ¢(z2)

Glz) = (o 1

3. Y(2)z7 ™3 — [, z— 00,

21




THE PRINCIPAL IDEA:

pn(z) = Y11(2),

and

T
hp = ZZI—I—EQO Zn+1Y12(Z)

(Fokas, Kitaev, I, 1990)
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Asymptotics. The NSD method

Y(z) — .. — Yy(z):

1Go () — Il LonLes < €ns

en — 0, as n — oo.

Typically:







Put

X(z) = Y(2)M(z) if 1l—e<]|z| <1,

X(2)=Y(RN 1z if 1<|z/<l+e

Denote

01,22|Z|=1:}:€
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Put

X(2) :




X (z) solves the following RH problem,

Q / : " 1 : | PR S W PR TS
_f# O (—— 4] ' .
" S ¢ - 1%
= i

| rEOUZS]_UESQ

the contour I are given by the equations

o X (2)=X4(2)M(z), ze€Cy




since

M(z), N(z) = I2+0o(1) n— oo,

we conclude that

YD 07 )
(Daly / .

where

x9(z2) = ( u+0(2) u__|_?<z) ) , i |z < 1,

and

~1
X0(z) = (“—O(z) u_o(z)>, it |2 > 1.

Here:

$(2) = uy (2)u_(2)

- the Weiner-Hopf factorization of the symbol
®(z). From the above analysis, the classical
Szegd and Widom's theorems follow.
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- Ehe Midom.Dugon conctant The Qine

i iei——— — — — !
A= _—————
L

a

‘ ' — = ,‘
Dn(ar) 1= detTn[¢],

where

Tn[qb] L= {qb]_k}, k = 0,....m—1,

and
—k-1.92
omi’

tr= [ #(2):
$(2) = xCal2),

Co:a<argz<2m—a.

(/Zla.




Lot. A N e
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‘uﬂ
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l~ [

2

D“= (Co%%)h (hsin%)-'/q“

cho(i*' 0( ;\)

[ — =

b=







g - function:

z+ 14 \/(z — ') (z — e7%)
2z

g(z) =

. eal~) is halomornhic for all 2 €14

e g(o0) =1

<1, z#et@

o g4 (2)g-(2) =%, K=cos’%
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Put
X(2) = 3B (2)(9(2)) " oRE%S

1
03 —

—1

@ Y/F\ i holam~enbir fAay AL A4 T
D — A —

e X(oc0)=1

O\"
o X_(2) = X4 (2) 2 (Z—f(z)> 1

z€Il 4
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Since lifgg‘ <1, z# et@ we expect that

X(2) ~ X%z) :
e X9(2) is holomorphic for all z & Iy,

e X0(00) = I

o XV(2) = Xg_(z)

z €1 o
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SOLUTION to the MODEL PROBLEM:

_6=6"1  §461

s+o-1 5571
XO(Z)Z ( 2 217 ))
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the lines indicated allows to obtain the ?o”ow—

ing (rigorous) extension of (2).

d? n2

A(n @), (3)
sin?

5 & COSQ(oz/Q)
2 4n2

1 L
+O (n3 Sin3(a/2)> S

A(n,a) = sin







e From the multiple integral representation of
Dp(a) one obtains

In Dn(a) =nIn(r — a) —nin27

+1n Ap + O((7 — @)?), (4)
where

n—1 ~2k 4
- 24r (Kl 2
L= _( ) |




REMARK:

det(1 — Kqjpe) = €Xp (/OS “Vt(t)dt)

where oy (s) - the special solution of Py:

(56?2 + 4(40 — s’ — (")) (o — sa’) = 0,

2

o(s) ~——s, s—0.
i

(JMMS)

The Dyson - Ehrhardt - Krasovsky formula im-
plies that

v.p. /OO GV(t)dt = 3¢’ (1) + 1 In2




Put

P(N) = X" H=1)X (=),

where
1+ zAtan %

: o
1 —?/)\tan'i

maps the interval [—~1,1] to the arc I,.

z(A) =

e ®()\) is holomorphic for all A ¢ [—1,1]

e N-—_—
e e

1—4/1—X\2sin %]n _q \

2|
. P e S S YN ( 1-4-4 ;)\Q_Sin g




Note:

e | he d - problem is regular in the neighbor-
hood of a = =«

e The following relation takes place

d? n?
ﬁlnDn(a) = ——5—A(n,a),

Sin< «
where




e [, satisfies Painlevé VI equation:

d .
n(t) =t(t—1)—InDn, t= —2ic




-2n2
A o @ (R)




























