
Transition at mesoscopic scale
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Free fermions at positive temperature

The joint density ofN fermions at temperatureT > 0 is given by

pN ;T (x1; : : : ; xN ) =
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This p.d.f: does not de�ne a determinantal point process. However, it is known
that the correspondinggrand-canonical ensemble is determinantal with
correlation kernel

K N
T (x; y) =

1X

n=0
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e(" n � � )=T + 1

’ n(x)’ n(y) :
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Cumulants method

if Z is a real-valued random variable, we de�ne its cumulants Cn[Z ] by

	 Z (t ) = log E
�
etZ �

=
1X

n=1

Cn[Z ]
t n

n!

If � is a determinantal process on (X; � ) with correlation kernelK , then for
any functiong 2 L1 (X ! R) with compact support inA,
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(K (xi ; xj )) d� k (x)

= det
�
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�
L2(A;� ) :

Taking g(� ) = ef ( � ) � 1, we obtain an explicit formula for the cumulant
generating function of the linear statistics �(f ) :=

P
� 2 � f (� ).
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Cumulants method

If the kernelK is reproducing, i.e.
�

K (x; y)K (y; z)d� (y) = K (x; z), then we

obtain

Cn
�
�( f )

�
= �

�

x0= xn

� n
0[f ](x)

Y

1� j � n

K (xj ; xj � 1)d� n(x):

where for allx 2 Xn,

� n
0[f ](x) =

X
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(� 1)`

`
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f (xj )kj :

Then, to prove that

� N (f ) � E [� N (f )] ) N
�
0; kf k2

H

�
as N ! 1 ;

it su�ces to show that for there existsm > 2 so that

lim
N!1

Cn
� X

� 2 � N

f (1
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� -ensembles at� = 2
Consider the Hamiltonian onXN

H N
V (x) =

X

1� i< j � N

log jxi � xj j � 1 + N
X

1� i � N

V (xi )

and the Boltzmann-Gibbs measure with density� N (x) / e� � HHH
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The critical regime

Theorem

Suppose that the potentialV is real analytic onRd . Let f 2 C3
c (Rd ) and

0 < � < 1. If lim
N !1

qN� � 1 = � , then

lim
N !1
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N (f )
i

= exp
�

kf k2
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�
Rd

�
e� f (x) � 1 � f (x)

�
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�
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